Abstract. Recently, the numbers Yn(λ) and the polynomials Yn(x, λ) have been introduced by the second author [22] . The purpose of this paper is to construct higher-order of these numbers and polynomials with their generating functions. By using these generating functions with their functional equations and derivative equations, we derive various identities and relations including two recurrence relations, Vandermonde type convolution formula, combinatorial sums, the Bernstein basis functions, and also some well known families of special numbers and their interpolation functions such as the Apostol-Bernoulli numbers, the Apostol-Euler numbers, the Stirling numbers of the first kind, and the zeta type function. Finally, by using Stirling's approximation for factorials, we investigate some approximation values of the special case of the numbers Yn (λ).
Introduction
The first motivation of the present paper is to define higher-order version of the numbers Y n (λ) and polynomials Y n (x; λ) with their generating functions which are recently constructed by the second author [22] . The second motivation is to derive some functional and derivative equaitons for providing new relations and identities including these numbers and polynomials, Vandermonde type convolution formulas, the Apostol-type numbers, the Stirling numbers of the first kind, the Bernstein basis functions, and also combinatorial sums which are of many applications in not only mathematics, but also aother science (cf. [3] , [4] , [5] , [11] , [20] , [25] , [27] ).
On the other hand, it is well known that the approximation theory is of vital importance in order to derive inequalities and apply them to other related multi-disciplinary areas. Therefore, the third motivation is to investigate approximation values of a new numbers derived from the numbers Y n (λ) via the Stirling's approximation formula and approximation value of the Catalan numbers.
In order to prove the results of the present paper, we first have to give the following definitions and relations associated with some special numbers and polynomials, and their generating functions:
The k-th order Apostol-Bernoulli numbers B (k) n (λ) are defined by
where |t| < 2π when λ = 1 and |t| < |log (λ)| when λ = 1. Some special cases of these numbers are given as follows: When k = 1, (1.1) reduces to the Apostol-Bernoulli numbers:
n (λ) . When λ = 1, the numbers B n (λ) reduce to the classical Bernoulli numbers B n = B n (1) (cf. [1] - [25] ; see also the references cited therein).
It is well known that the k-th order Apostol-Bernoulli numbers are interpolated by the zeta type function ζ (λ, s, k) at negative integers with the following relation:
, [24] , [25] ; see also the references cited therein). The k-th order Apostol-Euler numbers E (k) n (λ) are defined by means of the following generating function:
where |t| < |log (−λ)|. Obviously, in the special case when k = 1, (1.3) reduces to the Apostol-Euler numbers:
n (λ) . For λ = 1, the numbers E n (λ) reduce to the classical Euler numbers [25] ; see also the references cited therein).
The Stirling numbers of the first kind S 1 (n, k) are defined by:
where (x) n = x (x − 1) (x − 2) . . . (x − n + 1) and their generating function is given by:
(cf. [8] , [25] ; see also the references cited in each of these earlier works).
The Catalan numbers C n are defined by means of the following generating functions (cf. [11, p. 121] ):
C n t n where 0 < |t| ≤ 1 4 and C 0 = 1 (cf. [11, pp. 119-120] ). The explicit formula and the recurrence relation for the Catalan numbers are given as follows, respectively:
where n ≥ 0, and 6) where n ≥ 1 (cf. [11, pp. 109-110] ).
We summarize the present paper as follows: Motivation of Section 1 is to give definition of higher-order of the numbers Y n (λ) and the polynomials Y n (x, λ). In section 2, by using generating function and their functional equations methods, some identities and relations, including the numbers Y (k) n (λ), the Apostol-type numbers, the Stirling numbers of the first kind, the Bernstein basis functions, and also combinatorial sums, are derived. In Section 3, some derivative formulas and recurrence formulas for the numbers Y (k) n (λ) are computed. In Section 4, by using functional equations of the generating function, some Vandermonde type convolution formulas are derived, and some special values of these formulas related to the Catalan numbers and combinatorial sums are investigated. In the last section, by using Stirling's approximation and approximation of the Catalan numbers, some approximation value of the special case of the numbers Y In this section, our motivation is to define higher-order of recently discovered families of numbers and polynomials unifying the Apostol-type numbers and the Apostol-type polynomials.
The numbers Y
For k nonnegative integers and λ real or complex numbers, we define the numbers Y (k) n (λ) by the following generating function:
Note that, if we set k = 1 in (2.1), the functions F (t, k; λ) reduce to the following generating functions for the numbers Y n (λ) defined by Simsek in [22] :
That is, the numbers Y (k) n (λ) denote higher-order of the numbers Y n (λ) were defined by Simsek in [22] .
Here, we also define the polynomials Y n (x; λ) by the following generating function:
Note that, if we set k = 1 in (2.3), the functions F (t, x, k; λ) reduce to the following generating functions for the polynomials Y n (x; λ) defined by Simsek in [22] :
That is, the polynomials Y n (x; λ) denote higher-order of the polynomials Y n (x; λ) were defined by Simsek in [22] .
It should be note that
By using negative binomial expansion, for
Comparing the coefficients of t n on both sides of the above equation yields an explicit formula for the numbers Y 
For the case of k = 1, (2.6) reduces to the explicit formula for the numbers Y n (λ):
which was given in [22] . By using the explicit formula in (2.6), a few values of the the numbers Y (k) n (λ) are computed as follows:
It is follows from (2.6) that the numbers Y (k) n holds a recurrence relation given by the following theorem: Theorem 2.2. Let n be a positive integer and k be a nonnegative integers. By setting
k the following recurrence relation holds true:
We also give another recurrence relation for computing the numbers Y (k) n (λ) by the following theorem:
k and let n be positive integer. Then we have
Proof. From (2.1), we have
Using binomial theorem yields
From the above equation, we get the assertion of the theorem.
Furthermore, we provide a relation between the numbers Y 
Proof. It follows from equations (2.1) and (2.3) that
Using Cauchy product rule and equalizing the coefficients of the variable
in the previous equation yields the assertion of the theorem.
Some identities and relations for the numbers
In this section, by using generating functions and their functional equations, we derive some identities and relations including the numbers Y (k) n (λ), the Apostol-type numbers, the Stirling numbers of the first kind, the Bernstein basis functions, and also combinatorial sums.
Theorem 3.1.
Combinatorial identities associated with new families of the numbers.. 7
Proof.
According to Simsek [21, Eq-(13)] and Gould [7, Eq-(5.13)], the following identity holds true
Combining the above equation with (3.1) yields the assertion of theorem.
According to Sury [27] , the following identity holds true
Combining the above equation with (3.2) yields assertions of the theorem.
By setting λ ∈ [0, 1] in (2.7) and using the Bernstein basis functions B k j (λ) given by (cf. [12] ):
we derive a relation between the Bernstein basis functions and the numbers Y (k) n (λ) are given by the following theorem:
If n is a positive integer, then we have
Theorem 3.4.
Proof. Replacing 1 + λt by e log(1+λt) in (2.1), for λe log(1+λt) < 1, we have
Combining (1.4) with the above equation yields:
After equalizing the coefficients of the variable 
Combining (1.2) with (3.3) yields the assertion of the theorem.
Remark 3.5. Observe that when k = 1, the above equation reduces to the Theorem 9 in [26] .
Theorem 3.6.
Proof. When we replace 1 − λt by e log(1−λt) in (2.1), for λe log(1−λt) < 1, we have
Relations arising from derivatives of the functions F (t, k; λ)
In this section, we compute some derivative formulas and recurrence formulas for the numbers Y (k) n (λ). Theorem 4.1.
where (x) (n) = x (x + 1) (x + 2) . . . (x + n − 1).
Proof. Differentiating the functions F (t, k; λ) with respect to variable t, we obtain the following derivative formulas:
Therefore, iterating the above derivation v times for the variable t yields the following partial differential equation:
Combining (2.1) with the above differential equation yields the assertion of the theorem.
Proof. Differentiating the functions F (t, k; λ) with respect to variable λ, we obtain the following derivative formula:
From (2.1), we thus have
After equalizing the coefficients of the variable In this section, we give some Vandermonde type convolution formulas drived from functional equations of the function F (t, k; λ). We also give some special values of these formulas related to the Catalan numbers and combinatorial sums. Let m ∈ N and k 1 , k 2 , . . . , k m ∈ N. Using (2.1) yields the following functional equation:
By using the above functional equation, we get
Using the Cauchy product in the above equation, we obtain .
After equalizing the coefficients of the variable t n in the previous equation with the necessary calculations yields the following theorem: 
Remark 5.3. Substituting m = 3 into Theorem 5.1, we have
We now give the Vandermonde type convolution formula by the following theorem with the help of the explicit formula for the numbers Y (k) n (λ).
. . , k m ∈ N and n ∈ N 0 . Then we have
Proof. By combining (2.6) with Theorem 5.1 yields the Vandermonde type convolution formula. So we omit the detail of proof.
We are ready to give some special cases of Theorem 5.4 by the following corollaries:
Substituting m = 2 into Theorem 5.4, we get the following corollary:
Corollary 5.5. Let k 1 , k 2 ∈ N and n ∈ N 0 . Then we have
Proof. Combining (5.1) with (2.6) yields
By combining (2.6) with (5.3), we obtain
After the necessary calculations in the previous equation yields the desired result.
Remark 5.6. Substituting k 1 = a+1 and k 2 = r+1 into (5.2) yields Eq-(1.78) in [6] , substituting k 1 = k 2 = r + 1 into (5.2) yields Eq-(1.79) in [6] , and also substituting k 1 = r + 1 and k 2 = n + r + 1 into (5.2) yields Eq-(1.82) in [6] .
Substituting m = 3 into Theorem 5.4, we obtain the following corollary:
Corollary 5.7. Let k 1 , k 2 , k 3 ∈ N and let n ∈ N 0 . Then we have
Remark 5.8. The following well known the Chu-Vandermonde identity given as follows: [5] , [8] , [20] ).
We give some applications related to the Vandermonde type convolution formula and also some combinatorial sums as follows:
Substituting k 1 = k 2 = n into (5.2), and since
we obtain the following corollary:
Corollary 5.9. Let n ∈ N 0 . Then we have
Substituting k 1 = n + 1 and k 2 = n into (5.2), we obtain the following corollary:
Corollary 5.10. Let n ∈ N 0 . Then we have
Corollary 5.11. Let n ∈ N 0 . Then we have
Proof. By using (5.4), we have
Multiplying both sides of the above equation by 1 n+1 and using (1.5) yields the desired results.
In [20, Corollary 6 .6], Simsek gave the following formulas for the Catalan numbers:
Combining the above equation with (5.5), we arrive at a combinatorial sum including binomial coefficients given by the following theorem:
Theorem 5.12. Let n ∈ N 0 . Then we have
6. Some applications related to the numbers Y (n+1) n (λ) and their approximation
Inequalities are used in all multi-disciplinary areas which are related to mathematics and its applications. Especially, inequalities have many applications in approximation theory and related areas.
In this section, by using Stirling's approximation for factorials, we give some approximation value of the special case of the numbers Y Firstly, let us recall an approximate value of the Catalan numbers is given by the following lemma:
Secondly, let us recall the following Stirling's approximation formula (cf. [11] , [25] ):
which is used in the proof of equation (6.1). Now, we define the numbers V n (λ) as follows:
By substituting k = n + 1 into (2.6), we obtain
Combining (6.3) with (6.4) yields a relation between the Catalan numbers and the numbers V n (λ) given by the following theorem:
Applying (6.1) and (6.2) to (6.5) yields an approximation value of the numbers V n (λ) by the following theorem: As a consequence, from (6.5), we obtain
Combining the above equation with (1.6), we get the following recurrence relation for the numbers V n (λ) as follows:
When n is sufficiently large, we arrive at the following theorem: Theorem 6.4.
Conclusion
Since the results of this paper include combinatorial sums, some special numbers and polynomials, some special functions, the Chu-Vandermonde type identities, and the Stirling type approximation formulas for some special numbers, there exists potential applications of these results to not only subfields of mathematics such as theory of inequalities and approximation theory, but also to areas of physics, engineering and the other multi-disciplinary areas.
